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Abstract – The designing of IIR digital differentiators and Integrator of first and higher orders are based on 
optimizing the Al-Alaoui integrator using Genetic Algorithm. The Al-Alaoui integrator provides the closest 
performance to the analog integrator, and this was inverted to get the Al-Alaoui differentiator which also provided 
very close performance to the analog differentiator, but there were still some room for improvement. Thus it is 
possible to further match the performance of a first order digital differentiator with the analog differentiator. This is 
considered as a typical implementation of any optimization method.  
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I.INTRODUCTION 

The Al-Alaoui integrator [1] has been proven to be the best performing digital first order IIR integrator when 
compared to the analog integrator in (1). 

																														H (ω) = 	
1
jω
																										(1) 

The Al-Alaoui integrator was obtained by interpolating the trapezoidal and the rectangular integration methods, 
for a period value equal to 1, to the digital integrator in (2). 

																										퐻 (푧) = 	
7(푧 + 1 7⁄ )

8(푧 − 1)
															(2) 

By inverting this filter led to obtain the Al-Alaoui differentiator in (3). 

																	퐻 (푧) = 	
1.1429 − 1.1429

1 + 푧 7⁄ 											(3) 

Such filters and other digital differentiators and integrators are used in many domains such as communication, 
design of compensators in control systems [2], analyzing signals in radar systems [3] and for edge detection in 
image processing [4]. 

Differentiators having perfect linear phase response can be easily designed by using FIR filters. However in 
most applications perfect linear phase response is not required and differentiators having approximately linear 
phase response can be quite acceptable. In such applications, IIR differentiators are most useful than FIR 
differentiators for two main reasons: Firstly, they can satisfy the given specifications with a much lower filter 
order thereby reducing the computational requirement or the complexity of hardware in a  hardware 
implementation and secondly, they usually have much smaller group delay, thereby resulting in lower system 
delay. 

The denominator polynomial in IIR filters renders their design more challenging than that of FIR filters because 
it results in highly non-linear objective functions that require highly sophisticated optimization methods. As IIR 
filter lacks the inherent stability of FIR filters, stability constraints must be incorporated in the design process to 
ensure that the filter is stable, which means constraining the poles to lie within the unit circle of the z plane. 

The main filters initially noted here is first order, but the matching process between the analog and the digital 
filters has been done in the literature for filters of higher orders especially second, third and fourth orders. The 
work done in this field usually aimed for better matching, by using different optimization techniques. 

The work here is based on Al-Alaoui digital differentiator (3) and which optimizes it to the better one without 
modifying the phase response. This is done through different optimization techniques which include Genetic 
Algorithm (GA) [5], Particle Swarm Optimization (PSO) [6]. Using these optimization techniques is not 
exclusive, but there is further possible to use many other techniques such as Simulated Annealing (SA) [7], 
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modified Fletcher and Powell optimization (FP) [8], Minimax optimization and others such as pattern search, 
etc... 

The remaining paper is organized as follows. In Section II, consider the new optimized digital Al-Alaoui 
differentiator. In Section III, discusses the higher order digital differentiators by using the differentiator. In 
Section IV, discusses the higher order digital differentiators by using optimization technique and also presenting 
the inverted integrators. Conclusions are drawn in Section V. 

II.OPTIMIZED DIFFERENTIATOR 

As already mentioned in the above section, the Al-Alaoui integrator (2) gives the closest performance to the 
analog integrator, and this was interpolated to get Al-Alaoui differentiator, but there was a still room for 
improvement. 

Thus, it is possible to further the performance of a first order digital differentiator with analog differentiator. 
This is considering as a typical implementation of any optimization method. So, optimizing the filter noted in 
(3) using Genetic Algorithm (GA) technique has led to the digital differentiator. 

											퐻 		_		 (푧) = 	
1.1369− 1.1369	푧

1 + 0.1955	푧 		(4) 

By using Genetic Algorithm (GA) we achieved a value similar to the one proposed in (4). The below figure 1 
shows the magnitude response of this filter in addition to the original Al-Alaoui differentiator and the analog 
differentiator. 

 

Fig.1 Magnitude Response of the first order filters 

III.PROPOSED DIFFERENTIATORS AND INTEGRATORS 

In this, Genetic Algorithm (GA) optimization technique is used which aims at minimizing the mean absolute 
magnitude error over the entire frequency range as in (5). 

	푀푖푛푖푚푖푧푒	푀퐴퐸	 =	 

							
1

#	푝표푠푠푖푏푙푒	휔
.

1
휔

−	 퐻(푒 )
	 	

		(5)	 

Also, in order to ensure that the zeros and poles lie inside the unit circle were the intervals are constrained. And 
this is done in order to ensure that, both differentiators and integrators are minimum phase. 

The optimization technique works on optimizing the gain, the locations of the poles and the zeros of the digital 
filter which are opposed to optimize the coefficients of the numerator and the denominator. This is because the 
former generally led to better results due to constrained values. And also, real zeros and poles were considered, 
but in further tuning for complex values. The gain was varied between 0.5 and 1.5. Each zero was set to vary 
between -1 and 2. The poles were considered to be negative and set to vary between -1 and 1. In addition to 
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these constrained values, each of the optimization techniques had a time limit so as to not exceed a preset time 
of 200 seconds. 

Beside this, each higher order differentiator is obtained by optimization technique by using the previous lower 
order differentiator as an initial guess and assigning 0 for each new zero and pole, because one of each was 
added for every increase in order. 

IV.GENETIC ALGORITHMS FOR DIFFERENTIATOR AND INTEGRATOR 

Genetic Algorithm (GA) is a method for solving both constrained and unconstrained optimization problems 
based on natural section process that mimics biological evolution. 

 

         

 

 

 

 

 

Fig.2 Basic Genetic Algorithm Cycle 

The algorithm repeatedly modifies a population of individual solutions. At each step, the GA randomly selects 
individuals from the current population & uses them as parents to produce the children for the next generation. 
Over successive generations, the population “evolves” towards an optimal solution. GA is composed of fitness 
function, a selection technique, and crossover and mutation operators. 
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                                             Fig.3 Flow chart of a Genetic Algorithm 
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GA uses three main types of rules at each step to create the next generation from the current population. 

i. Section Rule: Selects the individuals, called parents that contribute to the population at the next 
generation. 

ii. Crossover Rule: Combines two parents to form children for the next generation. 
iii. Mutation Rule: Apply random changes to individual parents to from children. 

GA is a popular optimization technique that is used in the literature for enhancing the obtained differentiators 
and integrators [5, 6]. The second order differentiator is obtained from the proposed differentiator in (4). And 
the additional variables are first set to 0. Thus, the following second order filter is obtained. 

퐻 _ _		 (푧) =
1.1543− 0.4464	푧 − 0.7079	푧

1 + 0.7945	푧 + 0.0832	푧 																										(6) 

For the third order filter, the zeros and poles of the previous second order filter are used as starting points. Thus, 
the filter becomes: 

퐻 _ _		 (푧) = 	
1.1533− 0.4432	푧 − 0.7060	푧 − 0.0041	푧

1 + 0.7981	푧 + 0.0884	푧 + 0	푧
				(7) 

And for the fourth order filter, is built upon by using the third order filter. 

퐻 _ _		 (푧) = 	
1.1553− 0.3170	푧 − 0.7560	푧 − 0.0817	푧 − 0.0006	푧

1 + 0.9054	푧 + 0.1713	푧 + 0.0066	푧 + 0	푧 	 		(8) 

Figure 4 shows the absolute error between the proposed differentiators and the analog differentiator with noting 
the performance of the second order differentiator [9]. 

 

Fig.4 Absolute Error between (GA) Optimized Differentiators and the Analog Differentiator 

The integrators are obtained by inverting the differentiators. 

Figure 5 shows the absolute error between the (GA) proposed integrators which are obtained by inverted and the 
analog integrator. 
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Fig. 5 Absolute Error between (GA) Integrators and the Analog Integrator 

V.CONCLUSION 

A new first order IIR digital differentiator is obtained. This can be considered as the best first order digital 
differentiator when compared with analog differentiator. In addition to this, several higher order filters are 
obtained which closely matches the performance of the analog differentiator. These IIR filters are obtained by 
using an optimization technique. And these obtained differentiators afterwards inverted to get a set of integrators 
with similar order. The performance of the differentiators are compared with many other available 
differentiators and proven to be of a considerable high accuracy.   
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