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Abstract— In this work, we investigate the solution of oscillation criteria for second order linear neutral delay difference equations of 

the form  

 

for  and By using generalized recatti technique, we establish some new 

oscillation theorem which ensure that every solution is oscillation. 
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I. INTRODUCTION 

The study of the behaviour of the solutions of the neutral type second order difference equations are carried out in recent 

years. [8,10,11] Though the neutral type difference equations arise in study of Economics, Mathematical Biology, and other 

fields of mathematics, the qualitative study of these equations has received very less attention. Many authors have studied the 

oscillatory behaviour of the solutions of difference equations, differential equations, partial differential equations and  fractional 

order equations in [4,5,6,7,9].  The researchers have devoted attention to establish the criteria for oscillations for solutions in 

[1,2,3]. Motivated by this work, we establish new oscillation criteria for the following second order linear neutral delay 

difference equations  

                               

(1)        

for  and  The article is organized with some assumptions and 

preliminary definitions in section 2 and the oscillation theorems in section 3. 

II. PAGE LAYOUT 

In this section, we provide some preliminary assumptions and definition of oscillation to obtain the sufficient conditions for 

the oscillation of all solutions of equations (1). The following conditions to be hold throughout this paper: 

 and  

 and  

 and  λ is the ratio of odd positive integer. Set . 

The delay functions  and  are all positive such that  
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Let  for   then for every there exists    such that 

 

  If  and  then  

Definition 1. A non trivial solution ( )u l is either eventually positive or eventually negative, then the solution ( )u l  of (1) is non-

oscillatory, otherwise it is called oscillatory. On the other hand eqn (1) is called oscillatory if all its solutions are oscillatory. 

III. OSCILLATION THEOREM FOR SOLUTION OF (1) 

In this section, we establish some new conditions which are sufficient for all solutions of (1) to be oscillatory of tend to zero 

as  by using the Reccati transformation techniques. 

Theorem 2. Suppose that conditions  are holds. If  

                 (2) 

Where  . Then every solution u of (l) either oscillatory or 

satisfies  

Proof:  Assume that the sake of contradiction that  is non oscillatory. Without loss of generality  is eventually 

positive such that  for . Set 

    . 

           

] 

        ] 

]                                                            (3) 

Let us using the condition  with  and  we have  Hence equation (3) 

implies that  

]        

        ]  

Let  for all  we have  

]                                                                    (4) 

Now considering Eq. (1), we get  

                                                             (5) 

Now applying Eq. (4) in Eq. (5), we obtain, 
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   ]                          (6)       

Let define the reccati type transformation  

                                                                              (7) 

for  then  Now 

       

     

Since,  is a monotonicity function, we obtain 

     

Using eq. (6) and (7) in the above inequality, we obtain  

    ]     

    ]     

Applying the condition  we obtain 

    ]     

      

Where ]. Let us taking summation from  to , we have 

                

        

    

Now taking limits as  we get  

      

Which contradicts to Eq.(2). This completes the proof. 

Theorem 3. Assuming conditions are satisfied. If there exists a positive function ρ( ) and if  

             (8) 

Where H(v)= Then every solution u of (l) either oscillatory or 

satisfies   
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Proof. Assume that the sake of contradiction that is non oscillatory. Without loss of generality u( ) is eventually positive 

such that u(l) > 0 for  ≥  Proceeding as theorem (2) and arrive at Eq. (6). Now define the reccati transformation technique,  

                                                                                       (9)                                 

for    on both side, we get      

   Δ[ρ( ) ] ρ( )Δ[ ]+ Δρ( ) 

                    ρ( )[ ]+ Δρ( ) 

                       Δρ( ) + ρ( )  ρ( )  

Since δ( ) and ΔG( ) are monotonicity and using Eq. (9), we obtain  

 <  Δρ( ) + ρ( )    <  w( ) + Δ[ ] -  

Using Eq. (6) in the above inequality, we have  

   Δ ω( ) <  +  

Let us using the condition ( ), we get 

  ρ( ) (  w( )) 

              <  H( ) – (  -   w( )) <  H( ) –  +  

           <   H( ) +   

Where H( ) = ρ( ) (1 ).  Taking summation from to , we have 
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 Now taking limit as we obtain 

 

Which is a contradiction to (8) and hence complete the proof. 
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