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Abstract-- The main objective is to improve the 
convergence performance of adaptive algorithms through 
relative cost functions. The new family elegantly and 
gradually adjusts the conventional cost functions in its 
optimization based on the error amount.  

     We introduce important members of this family 
of algorithms such as the least mean logarithmic square 
(LMLS) and least logarithmic absolute difference (LLAD) 
algorithms. The LMLS algorithm achieves comparable 
convergence performance with the least mean fourth (LMF) 
algorithm and enhances the stability performance 
significantly. The LLAD and least mean square (LMS) 
algorithms demonstrate similar convergence performance in 
impulse-free noise environments while the LLAD algorithm 
is robust against impulsive interferences and outperforms 
the sign algorithm (SA). 

We analyze the transient steady-state and tracking 
performance of the introduced algorithm and also provide 
comprehensive performance analyses of the introduced 
algorithms, which match with the simulation results. 
Finally, we show the improved convergence performance of 
the new algorithms in several different system identification 
scenarios. 
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                 I. INTRODUCTION 

 

ADAPTIVE filtering applications such as channel 
equalization, noise removal or echo cancellation utilize a 
certain statistical measure of the error signal denoting the 
difference between the desired signal and the estimation 
output .Usually, the mean square error is used as the cost 
function due to its mathematical tractability and relative 
ease of analysis. The least mean square (LMS) and 
normalized least mean square Manuscript .Time index 
appears as a subscript (NLMS) algorithms are the members 
of this class.  Different    powers of the error are commonly 
used as the cost function in order to provide stronger 
convergence or steady-state performance than the least-
squares algorithms under certain settings. The least mean 
fourth (LMF) algorithm and its family use the even powers 
of the error as the cost function. This family achieves better  
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trade-off between the transient and the steady-state 
performance, however, has stability issues. The stability of on 
the input and noise power, and the initial value of the adaptive 
filter weights. On the contrary, the stability of the 
conventional LMS algorithm depends only on the input power 
for a given step-size. The normalized filters improve the 
performance of the algorithms under certain settings by 
removing dependency to the input statistics in the updates. 
However, note that the normalized least mean fourth (NLMF) 
algorithm does not solve the stability issues.  

 
In that author proposes the stable NLMF algorithm, 

which might also be derived through the proposed relative 
logarithmic error cost frame work as shown in this paper. The 
performance of the least-squares algorithms degrades severely 
when the input and desired signal pairs are perturbed by 
impulsive interferences, e.g., in applications involving high 
power noise signals. The impulsive noise consists of relatively 
short duration, infrequent, high amplitude noise pulses. In this 
context, we define robustness as the insensitivity of the 
algorithms against the impulsive interferences encountered in 
the practical applications and provide a theoretical framework. 
Note that, the algorithms using lower-order measures of the 
error in their cost function are usually relatively less sensitive 
to such perturbations. For example, the well-known sign 
algorithm (SA) uses the norm of the error and is robust against 
impulsive interferences since its update involves only the sign 
of .However, the SA usually exhibits slower convergence 
performances especially for highly correlated input signals. 
 

In this paper, we are inspired from the recent 
developments in the computational learning theory related to 
the “competitive” or the “regret” based approaches. In these 
approaches, the well-known adaptive or online learning 
algorithms are “stabilized” or “improved” by using a relative 
cost measure, i.e., the regret. Hence, we mitigate the stability 
or convergence issues of the well-known adaptive algorithms 
by introducing a relative cost measure. To this end, we use 
diminishing return functions, e.g., the logarithm function, as a 
normalization (or a regularization) term, i.e., as a subtracting 
term, in the cost function. We particularly choose the 
logarithm function as the normalizing diminishing return 
function in our cost definitions since the logarithmic function 
is differentiable and results efficient and mathematically 
tractable adaptive algorithms. As demonstrated in this paper, 
by using such a relative cost measure, we adjust the 
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conventional cost functions elegantly and gradually in its 
optimization based on the error amount. We intrinsically 
use the higher-order statistics of the error for small 
perturbations. For larger error values, the introduced 
algorithms seek to minimize the conventional cost 
functions, due to the decreasing weight of the logarithmic 
term with the increased error amount. 
 

 In this sense, the new framework is also akin to a 
continuous generalization of the switched norm algorithms, 
hence greatly improves the convergence performance of the 
mixed-norm methods as shown in this paper. Our main 
contributions include:  
1. We propose the least mean logarithmic square (LMLS) 
algorithm, which achieves a similar trade-off between the 
transient and the steady-state performance of the LMF 
algorithm, and as stable as the LMS algorithm. 
 2. We propose the least logarithmic absolute difference 
(LLAD) algorithm, which significantly improves the 
convergence performance of the SA while exhibiting 
comparable performance with the SA in the impulsive noise 
environments. 
 
 3.  We analyze the transient, the steady-state and the 
tracking performance of the introduced algorithms. 
 4. We demonstrate the extended stability bound on the 
step-sizes with the logarithmic error cost framework. 
5. We introduce an impulsive noise framework and analyze 
the robustness of the LLAD algorithm in the impulsive 
noise environments.  
 6.  We demonstrate the significantly improved convergence 
performances of the introduced algorithms in several 
different scenarios in our simulations. 
                  

     
 Fig: 1 Generic system identification framework. 

 
We organize the paper as follows. In Section I we 

introduce the relative logarithmic error cost framework. In 
Section II, the important members of the novel family are 
derived. We analyze the transient, the steady-state and the 
tracking performances of those members in Section III. In 
Section IV, we compare the stability bound on the step-sizes 
and robustness of the proposed algorithms. In Section V, we 
provide the numerical examples demonstrating the 
improved performance of the conventional algorithms in the 
new logarithmic error cost framework. We Conclude the 
paper in Section VI. 

 
 
 

II The LMS Algorithm 
The cost function J .n/ chosen for the steepest descent 
algorithm of determine the coefficient solution obtained by the 
adaptive filter. If the MSE cost function in is chosen, the 
resulting algorithm depends on the statistics of x(n) and d(n)  
because of the expectation operation that defines this cost 
function. Since we typically only have measurements of d(n) 
and of x(n) available to us, we substitute an alternative cost 
function that depends only on these measurements. One such 
cost function is the least-squares cost function given by 

 
Where x(n) is a suitable weighting sequence for the terms 
within the summation. This cost function, however, is 
complicated by the fact that it requires numerous 
computations to calculate its value as well as its derivatives 
with respect to each w(n), although efficient recursive 
methods for its minimization can be developed. See Chapter 
for more details on these methods. Alternatively, we can 
propose the simplified cost function JLMS(n) given by 

 
This cost function can be thought of as an 

instantaneous estimate of the MSE cost function, as JMSE(n) 
Although it might not appear to be useful, the resulting 
algorithm  obtained when JLMS(n) is used for j(n) is 
extremely useful for practical applications. Taking derivatives 
of JLMS(n) with respect to the elements of W(n)and 
substituting the result into  we obtain the LMS adaptive 
algorithm given by 
                                                      

Note that this algorithm is of the general form It also 
requires only multiplications and additions to implement. In 
fact, the number and type of operations needed for the LMS 
algorithm is nearly the same as that of the FIR filter structure 
with fixed coefficient values, which is one of the reasons for 
the algorithm’s popularity. The behavior of the LMS 
algorithm has been widely studied, and numerous results 
concerning its adaptation characteristics under different 
situations have been developed. For now, we indicate its 
useful behavior by noting that the solution obtained by the 
LMS algorithm near its convergent point is related to the 
Wiener solution. In fact, analyses of the LMS algorithm under 
certain statistical assumptions about the input and desired 
response signals show that algorithm is quite similar to that of 
the steepest descent algorithm in that depends explicitly on the 
statistics of the input and desired response signals. In effect, 
the iterative nature of the LMS coefficient updates is a form of 
time-averaging that smooth the errors in the instantaneous 
gradient calculations to obtain a more reasonable estimate of 
the true gradient. 
                                                 
 The Least Mean Logarithmic Square (LMLS) Algorithm 
For the stochastic gradient update yields 

CIKITUSI JOURNAL FOR MULTIDISCIPLINARY RESEARCH

Volume 5, Issue 11, November 2018

ISSN NO: 0975-6876

http://cikitusi.com/24



                                                  

 
The algorithm (6) resembles a least-mean fourth update for 
the small error values while it Behaves like the least-mean 
square algorithm for large perturbations on the error. This 
provides smaller steady-state mean square error thanks to 
the fourth-order statistics of the error for small perturbations 
and stability of the least-squares algorithms for large 
perturbations. Hence, the LMLS algorithm intrinsically 
combines the least mean-square and least-mean fourth 
algorithms based on the error amount instead of mixed LMF 
+ LMS algorithms [12] that need artificial combination 
parameter in the cost definition. 
 
The Least Logarithmic Absolute Difference (LLAD) 
 

The SA utilizes as the cost function, which 
provides robustness against impulsive interferences 
[However, the SA has slower convergence rate since the 
norm is the smallest possible error power for a convex cost 
function.  

                                                                                                                                                           

 
The algorithm combines the LMS algorithm and SA into a 
single robust algorithm with improved convergence 
performance. We note that we calculate the optimum in 
order to achieve better convergence performance than the 
SA in the impulsive noise environments 
 

Through the logarithmic cost function, in general, 
we can enhance the convergence performance for any 
conventional cost function (in such cases, a typical choice 
for the design parameter). In the environments where the 
higher order error measure cannot converge (e.g., in the 
impulsive noise environment the LMS algorithm with 
mean-square error cost does not usually converge) the 
performance of the corresponding logarithmic cost-induced 
algorithm (the LLAD algorithm using the mean absolute 
difference of the error in the logarithmic cost framework) 
may degrade with respect to the performance of the 
associated conventional algorithm. In the definition of the 
new cost function, we introduce the design parameter, i.e., 
an additional freedom of dimension, such that through the 
optimization of we can still achieve enhanced convergence 
performance even in such unrealistic environments. 
Actually, even in such unrealistic conditions the proposed 
algorithms provide enhanced convergence performance for 
the algorithms with the cost function As an example, the  

 
LMLS algorithms overcome the stability issues of 

the LMF algorithm and the LLAD algorithm provides 
robustness to the LMS algorithm. Moreover, we can 

improve the convergence performance of the logarithmic cost-
induced algorithms further by optimizing with prior 
information about the environment. 
 
We note that the proposed algorithms enhance the 
convergence performance of the conventional algorithms, the 
LMS algorithm and the SA, through similar computational 
cost. In Table I, we tabulate the detailed computational cost of 
the proposed algorithms, where we compare the estimated 
computational cost per iteration for the SA, LLAD, LMS, 
LMLS and LMF algorithms for real valued data in terms of 
multiplications, additions, divisions and sign evaluations. In 
the next section, we analyze the transient, steady-state and 
tracking performance of the introduced algorithms. In this 
section, we particularly compare the convergence rate of the 
algorithms for the same steady-state MSD through the specific 
choice of the step sizes for fair comparisons. Here, we have a 
stationary data where is zero mean Gaussian regression signal 
with an auto-covariance matrix represents zero-mean noise 
signal and the parameter of interest is randomly chosen. In 
following scenarios, we compare the algorithms under 
Gaussian noise and impulsive noise models subsequently. 
 
Scenario 1 (Impulse-Free Environment):  

In this scenario, we use a zero-mean Gaussian. noise 
signal with the variance and the design parameter. In we 
compare the convergence rate of the LMLS, LMF and LMS 
algorithms for relatively small step sizes. We observe that 
LMLS and LMF algorithms achieve comparable performance 
and LMLS achieves better convergence performance than the 
LMS algorithm we compare the LMLS and LMS algorithms 
for relatively large step sizes, i.e., and We only compare the 
LMLS and LMS algorithms since the LMF algorithm is not 
stable for such a step-size. Hence, the LMLS algorithm 
demonstrates comparable convergence performance as the 
LMF algorithm with improved stability performance also 
demonstrates that does not have significant impact on the 
convergence performance for sufficiently small we compare 
the LLAD, SA and LMS algorithms in an impulse-free noise 
environment. We observe that the LLAD algorithm shows 
comparable convergence performance with the LMS 
algorithm, particularly, the logarithmic error cost framework 
improves the convergence performance of the SA. 
 
III RESULTS FOR LMS, LLAD, LMLS: 
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Scenario 2 (Impulsive Noise Environment): 
  Here, we use the impulsive noise model with in 
this configuration, we optimize so that the LLAD algorithm 
could achieve smaller steady-state MSD. we plot sample 
desired signals in 1%, 2% and 5% impulsive noise 
environments an shows the corresponding time evolution of 
the MSD of the LLAD, SA and LMS algorithms. The step 
sizes are chosen as for 1%, 2% and 5% impulsive noise 
environments, respectively, and the figures show that in the 
impulsive noise environments, the LMS algorithm does not 
converge while the LLAD algorithm, which achieves 
comparable convergence performance with the LMS 
algorithm in the impulse free environment, performs still 
better than the SA. 

 
 
 

 
 
 
 
Scenario 3 (Comparison with the Robust Huber Filter):  

For this example, we have the auto-covariance matrix 
of the regression signal and the variance of the observation 
noise is we set the step sizes of the algorithms as We observe 
that the LLAD algorithm outperforms the robust Huber filter 
since the Huber filter in general updates similar to the SA 
while the LLAD algorithm takes more steeper steps similar to 
the LMS algorithm thanks to the smooth transition. In the 
impulsive noise environment, we can optimize the breaking 
point of the robust Huber filter and we found that the 
compares the learning curves of the algorithm in the 5% 
impulsive noise environment where and the LLAD algorithm 
outperforms the robust Huber filter also in the impulsive noise 
environment. 
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IV CONCLUSION 
A novel family of adaptive filtering algorithms based on the 
logarithmic error cost framework. We mitigate the stability 
or convergence issues of the well known adaptive 
algorithms by introducing a relative cost measure. Through 
the relative logarithmic cost, we intrinsically combine the 
higher and the lower order measures of the error into a 
single continuous update based on the error amount. We 
propose important members of the new family, i.e., the 
LMLS and LLAD algorithms.  

The LMLS algorithm achieves comparable 
convergence performance with the LMF algorithm with 
significantly improved stability performance. In the 
impulse-free environment, the LLAD algorithm has 
analogous convergence performance with the LMS 
algorithm. Furthermore, the LLAD algorithm is robust 
against impulsive interferences and outperforms the SA. We 
also provide comprehensive performance analyses of the 
introduced algorithms, which match with the simulation 
results. Finally, we show the improved convergence 
performance of the new algorithms in several different 
system identification scenarios. 
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