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Abstract:- This paper deals with the stabilization of Duffing equation system.The commensurate fractional order system 

with quintic non linearity is considered. The feedback gain matrix to stabilize the system is calculated using the pole 

placement technique and the asymptotic stability of the system is discussed. The non integer order of the system is 

considered over the range      . The formation of the limit cycle is studied with numerical simulation and sensitivity of the 

system with small variation in its fractional order is analyzed with time plots.  
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I. INTRODUCTION 

  In Classical mechanics, Hamiltonian systems are used in describing many problems that includes motion of planets, 

charged particle in magnetic field etc. One such example of the Hamiltonian system is the Duffing oscillators[ [4],[3] 

]. Duffing equations represents a double well conservative oscillators. An oscillating beam with its upper end fixed in 

between a pair of magnets is modeled by Duffing equation. There are different forms of duffing equations depending 

on the non linearity terms. Cubic term in the equation illustrates the classical particle’s motion in a double well 

potential with separation at     (Local Maximum). The additional quintic term is included to the equation to 

represent a triple well potential of the particles. The analysis of the instability or closeness to instability of a system 

helps in designing a system [ [2],[8] ]. For example, the aftermath due to the instability in a nuclear reactor system is 

unimaginable. This is where the control system stability plays a predominant role in engineering a system with 

potential safety measures. Not all the real life models are stable some of which are to be stabilized [ [7],[5] ]. 

Stabilization of a unstable system is carried out in many ways one among which is designing feedback control 

systems. 

  This paper deals with the stabilization of a non-integer order duffing oscillator system with quintic term. Section 1 

gives basic theorems related to asymptotic stability of stabilized system and mathematical description of the model 

followed by the stability conditions for the system with order       in Section 2 and for       in Section 3 

with numerical simulations. The paper is concluded with sensitivity analysis in Section 4 and conclusion in Section 5. 

 
 

II.  PRELIMINARIES 

 In this paper, the stability of Controlled systems of non integer order are studied using the theorems given below. The 

non linear fractional derivative system is given by  

 
      

   
                             (1) 

with                           
     denoting the state vector and non linear mapping        . 

        is the sum of nonlinear and linear parts with       .      is the feedback controller and      

Choosing the positive feedback control            the system (1) takes the form as  

 
      

   
  ̃             (2) 

 where  ̃      .  

 

Theorem 1  [1] If       is controllable,there must exist a   such that  

     {       }  
  

 
 

 then the system (2) is locally asymptotically stable with order      .  

 

Theorem 2  [6] The controlled system (2) is locally asymptotically stable with order      , if the following 
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conditions hold for chosen feedback gain  ,   

    1.          satisfies        and    
   

‖       ‖

‖    ‖
  .  

    2.       ̃    and            ̃        
 

 .  

Theorem 3  [6] The controlled system (3) is globally asymptotically stable with order      , if the following 

conditions hold for chosen feedback gain  ,   

    1.          satisfies        and is global Lipschitz with Lipschitz constant  , i.e,        
                for all         

    2.       ̃    and            ̃          
 

  where   satisfies ‖  ̃ ‖        

 

 

III.  MATHEMATICAL MODEL AND STABILITY ANALYSIS 

The system  

 
       

   
           

       

   
                            

         
   (3) 

  represents a fractional derivative unforced duffing oscillator system with quintic non linearity. where the fractional 

damping of the system is denoted by       with being the fractional order  . The symbols       and   are 

constants and assumed to take positive values. 

 

A. Stability Analysis of System (3) 

 

 For                     ,the system (3) is unstable as in Figure-1  

 
Fig 1: Time plots and Phase trajectory of the system (3). 

 

On stabilization with control matrix   system (3) becomes  

 
      

   
                             (4) 

 Here,     [          ]
  ,   [

  
   

] 
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        [
 
                  

         
 ] ,the control matrix is   [  ] . Let us consider the 

feedback gain matrix as   [    ].  

Using the pole placement technique the feedback gain matrix is selected as  

   [    ] (5) 

 

1)  Fractional order       

Since       is controllable there exists   then the eigenvalues of  ̃of the system (4) are            
             . Theorem (1) is satisfied by the system with order       , thus the system is locally asymptotically 

stable. The corresponding time plots and the phase portrait of the system for the order        is presented in Figure 

2.  

 
Fig 2: Time plots and Phase trajectory of the system (4). 

 

B.  Fractional order       

For the parameter values                    ,the system (3) is unstable which on stabilization with control 

matrix   takes the form  

 
      

   
                             (6) 

 Here,     [          ]
  ,   [

  
   

] 

        [
 
                 

         
 ],the control matrix is   [  ] . Let us consider the feedback 

gain matrix as   [    ].  

The feedback gain matrix is  

   [    ] (7) 

Local and Global stability of system is discussed for order       using the feedback gain (7). 

 

1)  Local stability 

 The nonlinear term         of the system (6) satisfies the first condition of the Theorem (2). The eigen 

values of  ̃ are given by                            . 
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Considering the fractional order between       the value of       
 

   , then from the eigen values 

obtained for the system explains the local asymptotic stability of the system (6). 

 

2) Global Stability 

 The non linear term         in system (6) is Global Lipschitz with Lipschitz constant  . For the other 

condition to be satisfied it is necessary to find value of   from the inequality given in Theorem (3). Using norm of the 

exponential of the matrix  ̃ and     , the value of   can be computed for the system (6). Taking       and 

      , we have                    illustrates the Global asymptotic stability of the system (6). 

Numerical simulation for the commensurate order      and initial condition            is presented in 

Figure 3. 

 
Fig 3: Time plots and Phase trajectory of the system (6). 

 

C.  Formation of Limit Cycle 

 The system (3) with the values of the parameter as in (6) and fractional order        , the formation of 

the limit cycles is presented in Figure -4.The phase portrait is stable limit cycle as the curve spiral inward starting from 

the initial points             with corresponding time plots exhibiting uniform oscillations.  

CIKITUSI JOURNAL FOR MULTIDISCIPLINARY RESEARCH

Volume 6, Issue 1, January 2019

ISSN NO: 0975-6876

http://cikitusi.com/60



 
Fig 4: Time plots and Limit cycle of the system (6). 

  

 

IV  Sensitivity Analysis 

 The system’s behavior to the small change in its fractional derivative order is discussed in this section. The 

comparison through time plots for fractional order        and      is studied. The increase in amplitude of the 

oscillations is explained in the Figure 5.  

 
Fig 5: Sensitivity analysis of the system (6). 

 

 

V  CONCLUSION 

 The asymptotic stability of the Duffing oscillator with quintic nonlinearity is studied using the feedback gain 

matrix for the commensurate fractional order over the range      . The Global asymptotic stability for the system of 

order       is discussed. Numerical simulation are provided explaining the stability and the limit cycle 

formation. The effect of changing the fractional order in behavior of the system is presented by sensitivity analysis. 
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